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1. The history of the question and the subject of this paper 

Interest in the problem of dating the Almagest, the star catalog whose compilation is ascribed to 
Ptolemy, has a long history (cf., in particular, the survey in the fundamental study The Crime of Claudius 
Ptolemy by R. Newton [3] and also the work of C. Peters and E. Knobel [1]). This problem became 
particularly attractive after the famous astronomical observations of N. A. Morozov [9], who expressed well- 
founded doubts about the correctness of the traditional dating of the astronomical data of the Almage3t to 
the second century C. E. (or the second century B. C. E.). 

The investigations of A. T. Fomenko provided a new stimulus for a deeper study of this question (cf. 
the series of papers [10-15]). In this research the chronology of antiquity as a whole was analyzed on 
the basis of empirical-statistical methods proposed by Fomenko. The systematization of the results in the 
form of a global chronological chart was carried out by Fomenko in [16-18]. A large amount of critical 
material can be found in the book [3] of R. Newton mentioned above, where the conclusion is reached 
that the astronomical data in the Almagest were forged. In a recent work [19] Yu. N. Efremov and E. D. 
Pavlovskaya have at tempted to confirm the traditional dating of the star catalog of the Almage3t from the 
proper motions of the stars. This work, however, is based on faulty methodologicM assumptions and is 
mathematically illiterate. For more details on this see below. 

The present work is devoted to the exposition of a new method of dating variable configurations formed 
on the celestial sphere by moving stars. Since the proper motions of stars have now been measured rather 
precisely, it is possible to compute their past positions in the heavens. Comparing these data with those of 
ancient star catalogs, one can at tempt to establish the time of the star observation and, consequently the 
approximate time when the catalog was compiled. This method has been tested by the authors using several 
reliably dated star catalogs and a number of artificially compiled catalogs. In the case of the latter the 
"date of compilation" was, of course, known to the compiler, but not to the investigator! The effectiveness 
of the method was verified completely: the dates obtained using it practically coincided with the dates of 
compilation. This method was then applied to the star catalog of the Almage3t. The results do not confirm 
its traditional dating. 

The proposed method arose as the result of a careful analysis of the problem in its geometric, statistical, 
and computational aspects. The work was basically carried out in the years 1985-1987. It makes no attempt 
to address the questions involving analysis of sources or of historical character, and is purely geometric and 
computational. In the part that involves applying the method to dating specific catalogs we present only 
the results that were obtained by analysis of the numerical material collected in these catalogs, namely the 
star coordinates. 

2. Necessary astronomical information 

To explain the essence of the problem and the meaning of the results obtained systematically we remind 
the reader of a number of concepts from astronomy (cf. [3-5], and Fig. 1). 

In observing the stars one assumes that they are located on the celestial sphere, whose center is the 
"observer's eye." To determine precisely the position of a star one must give some spherical coordinate 
system. In what follows we shall use two systems: the equatorial and the ecliptic. 

The equator of the celestial sphere is the curve of its intersection with the plane of the terrestrial 
equator. Knowing the equator, one can introduce "parallels and meridians" on the celestial sphere. The 
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latitude of a parallel (measured in degrees of arc and denoted by ~ below, 6 E [-90 ~ 90~ is called the 
declination of the star. The position of the meridian (measured in hours and denoted a, a E [0, 24h]) is 
called the right ascension of the star. To be completely definite one should also indicate the point from 
which right ascension is measured. We shall do this shortly. 

The ecliptic is the curve of intersection of the celestial sphere with the plane of the Earth's orbit around 
the Sun. The zodiacM constellations are ranged along the ecliptic. If we now consider the ecliptic as the 
analog of the terrestrial equator, we can define "parallels and meridians." The latitude of the parallel so 
constructed is called the (ecliptic) latitude of a star. We shall denote it by b and measure it in degrees of 
arc, b E [-90 ~ 90~ The position of the "meridian" on which a star is located is called its ecliptic longitude. 
We shall denote it by l and measure it in degrees l E [0,360~ As in the case of equatorial coordinates, in 
this case it is necessary to define the position of the "zeroth meridian." The intersection of the planes of 
the equator and the ecliptic is called the equinoctial axis; it intersects the celestial sphere at the vernal and 
autumnal equinoxes. The vernM equinox is taken as the point from which both right ascension and ecliptic 
longitude are measured. 

The two coordinate systems just introduced are not fixed; on the contrary, they vary with time in 
accordance with the following three principles. 

A) The axis of rotation of the Earth (the radius-vector ON in Fig.. 1) precesses with a velocity of 
about 50 seconds of angle per year, i.e., it moves approximately on a cone whose aperture (i.e., the angle 
between ON and OP) is about 20 ~ 271 (for the year 1900). The axis ON makes one complete revolution 
in approximately 26,000 years. As a result the equatorial coordinate system also "precesses," and the 
equinoctial axis (and consequently the point from which ascensions and longitudes are measured) shifts 
(precession of longitude) clockwise when viewed from the north celestial pole (cf. the arrow C in Fig. 1). 
Thus if we take some fixed point on the celestial sphere, for example, a fixed star, we find that its right 
ascension is a function of time a(t) corresponding to a "nearly" uniform motion along a circle parallel to 
the ecliptic. 

B) Besides its precession the Earth's axis is subject to small oscillations called nutations, whose max- 
imum amplitude is about 17". 

C) Another variat ion--the oscillation of the ecliptic--is caused by the variation of the plane of the 
earth's orbit over time. We shall denote by e(t) the angle formed by the planes of the equator and the 
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ecliptic (Fig. 1). The relation e(t) describes the oscillation of the ecliptic as a function of time. 

In our computat ions we have taken account of precession of longitude and the oscillations of the ecliptic 
and have ignored such small oscillations as nutations. A precise astronomical and mathematical  theory of 
the motion of the  ecliptic was developed by S. Newcomb. It has been generally accepted up to the present 
time and is the basis for all computat ions connected with the evolution of the ecliptic and other parameters 
of motion of the Earth.  We have relied on this theory and also on the modern precise equations for 
computing the functions a(t) and e(t) [6]. Newcomb's theory is the basis for the work of Peters, Knobel, 
R. Newton, and other astronomers. 

The third effect that  we have taken into account in our research is the presence of noticeable proper 
motions of certain stars. Actually we have regarded all the stars without exception as moving. The data on 
the size and directions of the velocities are given in the fundamental  star catalog FK4 of [7]. The majority 
of stars have a small velocity, but  there are stars that  have changed their positions in the sky by several 
degrees over 2000 years as a result of proper motion. Since we are interested in the interval of 2500 years 
from our t ime to 500 B. C. E., we can assume that  in this interval the trajectories of the stars on the fixed 
sphere are segments of great circles. 

Finally, in observing the stars of low latitude, we have taken account of the effect of refraction. 
In our computat ions the time parameter  t is measured in centuries and is chosen as follows. The value 

t = 0 corresponds to the year 1900 (the year for which the coordinates of the "modern" stars are given), 
t = 1 corresponds to 1800, etc. This parameter  is not necessarily a whole number.  Thus, the value t = 3.75 
corresponds to the year 1525. In specific computat ions the parameter  t varied within a certain a priori 
interval. For example for the Almagest this interval was taken as 0 < t < 25. 

3. S o m e  p e c u l i a r i t i e s  o f  t h e  e x t a n t  s t a r  c a t a l o g s  

In what follows we shall be discussing the star catalogs of Ptolemy, Tycho Brahe, Ulug Beg, and 
Hevelius, which were compiled without the aid of a telescope. Each of them contains more than  a thousand 
stars. The ancient catalogs use ecliptic coordinates. This is probably explained by the fact that  the ancient 
astronomers did not know about the small oscillations of the ecliptic and consequently considered ecliptic 
coordinates "permanent,"  i.e., such that  the latitudes of the stars would not vary with time, while the 
longitudes would vary with a constant velocity as a result of precession. 

Modern catalogs contain data  on approximately 5000 stars visible to the naked eye. These catalogs are 
compiled in equatorial coordinates, which are simpler to measure than  ecliptic, and therefore more reliable. 

A number of stars in the catalogs are assigned names- - the  named stars. As a rule these are the bright 
stars, some of which are fast-moving, for example, Arcturus. It is reasonable to assume that  the compiler 
of a catalog gave names to those stars whose position on the celestial sphere was measured with particular 
care. For this reason we shall call the set of named stars of a catalog its informational kernel This name will 
receive additional justification below, based on specific computations.  The informational kernels may vary 
from one catalog to another, but in the catalogs mentioned above they are very close to one another and in 
any case contained in one another. The named stars form a prominent basis (system of reference points) 
on the celestial sphere f rom which it is convenient to measure the positions of other stars not endowed with 
special names. 

For dating purposes the question of the precision of the data of a catalog is vital, In a number of 
catalogs (the Almagest and that  of Tycho Brahe) the precision is indicated explicitly. Thus in the Almage~t 
the divisions are at intervals of 10' and in that  of Tycho Brahe at intervals of I t. In the catalogs of Ulug 
Beg and Hevelius, on the other hand, one can judge the precision only indirectly, based on the written data. 
As an example let us say that  in the catalog of Hevelius [8] the coordinates of the stars are given with a 

precision of 1". 
Numerous studies attest  that  the question of precision must be approached with care. Thus, it was 

shown by statistical methods  in [3] that  the errors in the latitudes of stars in the Almagest are about 20 t 
(not l0 t) and the error in arcwise deviation is 1 ~ 12'. The latter contains a systematic bias, whose removal 
reduces the error to 22q The precision of Tycho Brahe's catalog is taken by the latest investigators to be 
2t-3 ', which agrees with our own results. By the logic of things the precision of the catalog of Hevelius 
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cannot be 1". It must be comparable to the precision of Tycho Brahe's catalog, since the two used exactly 
the same instruments. 

4. Errors in the coordinates of the ancient catalogs 

The reasons for the occurrence of errors in the ancient catalogs were discussed by R. Newton in [3]. For 
what follows we must pay attention to the following circumstances. Starting from the methods of making 
specific measurements (cf. [3, 4]), it is natural to assume that for the ancient catalogs the discrepancy in 
latitude obtained as a result of inaccuracy in measurement is less than the discrepancy in longitude, and 
naturally less than the arcwise discrepancy. Consequently the latitudes are the most precisely measured 
coordinates of the stars. This assumption is confirmed by an analysis of the catalogs. 

The arcwise discrepancy may contain additional components as a result of later recomputations of the 
catalogs to eliminate the effect of precession (cf. [3]). 

The compilers of the catalogs did not know about the phenomenon of refraction and the effect of 
error accumulation in measuring coordinates using reference points. Errors resulting from these causes 
undoubtedly occur in the catalogs. 

Errors also arose in the copying of the catalogs (for example, the Almagest was compiled without using 
number signs, thus increasing the possibility of an incorrect interpretation of what was written). 

Hence if the errors in coordinates are interpreted as random, then within the limits of the claimed 
precision of a catalog, it is natural to regard this error as a quantity taken from some homogeneous sample 
(for example a normal sample). "Large deviations" or "spurious data" can result from the causes listed 
above and a hypothesis of randomness in regard to them is in general unnatural. In analyzing a catalog 
one should strive to isolate such "doubtful" stars so as not to base any final conclusions on them. Peters 
and Knobel, for example [1], discuss numerous doubtful cases, and we have taken these discussions into 
account. 

5. A p r e l i m i n a r y  analys is  o f  t h e  AImagest 

Our initial list is the Alrnagest, which contains more than a thousand stars, in the form given by Peters 
and Knobel [1]. The list of stars analyzed includes a number of variant coordinates given in [1]. At the 
preliminary stage the star coordinates of the Almagest were not subjected to any doubt, nor was the fact 
that they are given in ecliptic coordinates referred to the year 60 C.E. 

Peters and Knobel [1] give an identification of the stars of the Almagest with modern stars. Nevertheless 
in selecting stars for subsequent analysis, we did this identification over again. For this purpose we took 
out of a modern catalog a list consisting of 30 named stars and 50 rapidly-moving stars. In answering the 
question "Who's who?" on the basis of S. Newcomb's theory (cf. Sec. 2 above) using a computer at the 
times t = 1, 2 , . . . ,  25 we computed the coordinates of all the stars of this list and compared them with the 
coordinates given in the Almagest. In most cases the correctness of the identification of the stars given in 
[1] was confirmed, and the pairs of identified stars so obtained were classified according to the magnitude 
of the arcwise distance between them. However several stars in the modem catalog were discovered (in 
particular 02 Eridan) for which different stars of the Almagest were identified at different times. Thus for 
02 Eridan these were the stars having Bailey numbers 778, 779, and 780. We remark that doubt is also 
expressed about the identification of this star in [1]. Nevertheless, it was precisely the motion of the star o2 
Eridan that was used to draw conclusions about the dating of the Almagest in the paper of Efremov and 
Pavlovskaya. 

Carrying out the identification procedure yielded a table T whose rows contain the following data on 
all the identified pairs: (1) the Bailey number i; (2) the right ascension a~ and declination 5~ of the star 
from the modem catalog at the time t = 0; (3) the components of the velocity of the motion of the star on 
the celestial sphere; (4) the longitude li and latitude bi of the corresponding star from the Almagest. 

We shall denote the equatorial coordinates of the ith star at time t from the modern catalog by ai(t) 
and 5i(t) and the ecliptic coordinates by Li(t) and Bi(t) computed while taking account of precession 
and the oscillation of the ecliptic. The problem is to find a value of t for which the set of coordinates 
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V(~) = (ri( l~) ,Bi( t)) i>l  or W ( t )  = (o~i(~),~i(7~))i>_l is in bes t  agreement with the set VA = (li,bi)i>_l. The 
apparent simplicity of the statement of the problem rests on difficulties that it is the purpose of this paper 
to overcome. 

A problem of this sort is standardly solved by giving some natural distance between the sets V(t) and 
VA (or W(t) and VA) and a choice of dating time t* starting from the minimum of this distance. This 
is precisely the approach of Efremov and Pavlovskaya [19]. However, the possible error in determining t* 
by this method is too large. Suppose, for example, ai(t) is the arcwise distance between the coordinates 
(Lit), Bi(t)) and (li, bi), and let t* = argmin ai(t). It is easy to appreciate that if in the determination of the 
position of a star in the Almagest there is an arcwise error A and vi is the velocity of the star with index i 
on the celestial sphere (more precisely, the projection of this velocity on the line joining the coordinates of 
the stars from the modern catalog and the Almagest), then one can conclude only that the date t belongs 

A 
to the interval (t* - z.x, t* + --~.). Now by the most optimistic estimate for the Almagest A .~ 14' (the 

vi v 6 

hypotenuse of a triangle with legs of 10 I, the claimed precision of the Almagest), and vi ..~ 1.5"/year for a 
very fast-moving star (Arcturus). We find that the length of the interval of possible datings for this case is 
1200 years. For more slow-moving stars the length of this interval covers all the values 0 , . . . ,  25. 

Numerical computations confirmed the low precision of such methods. The computed values of t* for 
different stars and the analogous quantities for various configurations were distributed quite uniformly over 
the interval from t = 0 to t = 25. In addition we noticed a variability in the results obtained according 
to the kind of distance used, i.e., the essentially subjective character of the result. We discovered an effect 
that is completely inexplicable with such an approach: in the computations the distance between stars of 
the modern catalog and the Almagest was on the average smaller when we did not take account of the 
oscillation of the ecliptic than when we did take account of it. 

Efremov and Pavlovskaya [19] base their dating of the Almagest formally on the comparison of two 
pairs of configurations (Almagest-modern sky), each of which contains a fast-moving star (Arcturus and o2 
Eridan). In doing this, they were essentially comparing the positions of a fast star in the AImagest and in 
the modern sky in relation to the other stars in the configuration (i.e., to the vicinity of the star). Such an 
approach enabled them to avoid recomputing the coordinates of the stars and basing their conclusions on 
Newcomb's theory, but sharply worsened the precision of the method (about which nothing is said in [19]), 
since dozens of faint stars in the vicinity measured with the characteristic error of the Almagest (15~-30 ~) 
are clearly not sufficient to give a precise determination of the position of a fast-moving star. We note also 
that varying the set of stars in the configuration of Arcturus considered in [19] makes it possible to vary the 
date obtained from t* = 13 to t* = 21 (t* = 16.5 in [19]). Furthermore Efremov and Pavlovskaya arrive at 
the conclusion that Arcturus was measured significantly less accurately by Ptolemy than 02 Eri and actually 
reject the data for Arcturus, basing their final conclusion essentially on the configuration of o2 Eri. But 
the identification of this faint star with No. 779 in the Almagest (there called simply the "Middle Star") 
is, first of all, not accepted by all researchers (cf. the table of identifications in [1]), and second, depends 
essentially on an a priori dating of the catalog (cf. above). For that reason the dating of the AImagest in 
[19] is based on an a priori dating of the catalog by an epoch near the beginning of our era (for other epochs 
the star o2 Eridan is identified with other stars of the Almagest). The mathematical level of [19] is shown 
most eloquently by the fact that the authors used random perturbations of the configurations to "sharpen" 
the coordinates of the stars. It follows from the law of large numbers, however, that in the best case (with 
a linear relation between the characteristics of the perturbed coordinates) the data obtained will be close 
to the unperturbed data, and in the worst case (nonlinear dependence) the data lead to a systematic error. 

It is also of interest to note the following fact. The informational kernel of the Almagest consists of the 
following twelve stars, which are given thedesignation vocatur, i.e., called, in the text (the astronomical 
names and Bailey numbers are given in parentheses): Arcturus (a Boo, 110), Sirius (a CMa, 818), Altair 
(a Aql, 288), Previndemiantrix (~ Vir, 509), Antares (a Sco, 553), Aselli (7 Cnc, 452), Procyon (a C Mi, 
848), Regulus (a Leo, 469), Spica (c~ Vir, 510), Vega (Lyra) (a Lyr, 149), Capella (a Aur, 222), Canopus (a 
Car, 892). Table 1 contains the information on the declinations (in minutes) of latitude IBi(t) - bil for these 
stars for some values of t. The values t = 18 and t = 21 correspond almost exactly to the traditional dates 
of the lives of Ptolemy and Hipparchus--in some accounts [3, 19] the Almagest is ascribed to Hipparchus. 
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The data  presented give a clear illustration of our assertion stated above that  it makes no sense to date the 
catalog from the min imum distance between some stars or star configurations. It is clear from the table 
that  for 7 stars (of the 12) the quanti ty IBi(t) - bil never attains 10' (the claimed precision of the Almagest) 
for 1 < t < 21. For the star with number  510 the inequality max IB51o(t) - b511 < 10' holds. Of the other 
four stars at most two fall into the 10' interval at any given time. And this applies to the named stars, i.e., 
those whose coordinates the compiler of the catalog must have measured with special care! 
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1.3 

12.5 
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58.2 
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5.1 

11.8 

17.1 

21.6 

23.2 

27.6 

14.0 

3.1 

10.8 

21.0 

62.3 

31.4 

1.2 

12.6 

17.8 

19.3 

21.5 

31.1 

13.0 

4.2 

9.8 

20.8 

64.8 

43.3 

2.6 

13.4 

18.4 

17.0 

19.8 

34.4 

12.1 

5.2 

8.7 

20.6 

67.3 

It is of interest to note that  the same picture emerges for catalogs having a reliably known date of 
compilation, for example, that  of Tycho Brahe. 

6. G e n e r a l  d e s c r i p t i o n  o f  the proposed method of  ana lys i s  

6.1. Types of errors in the catMog. After carrying out the preliminary stage we are in possession of 
the table T, which contains information on the coordinates and velocities of the pairs of stars identified 
between the modern and ancient catalogs. It has been shown that  the date of an ancient catalog cannot be 
determined merely by comparing precisely computed coordinates of the "modern" stars with the coordinates 
in the ancient catalog. This is explained primarily by the large errors in the ancient catalog, of. Sect. 4. 
For that  reason only a careful accounting for the different kinds of errors can produce success. 

We classify the errors into three types: systematic, random, and "spurious." 
We classify as errors of the first type all the distortions of data  that  lead to shifting the whole set of 

stars as a group on the celestial sphere. 
Random errors are caused mostly by errors in measuring within the limits of precision of the scale of 

the measuring device (this scale may or may not be known to us). These errors are characterized by shifting 
each star on the celestial sphere by a random amount  with zero mean. 

The "spurious" errors arise because of circumstances unforeseen by or unknown to the compiler (copy 
errors, refraction, and the like). They also affect only the coordinates of individual stars and their mag- 
nitudes, as a rule, are noticeably larger than the precision of the scale of the measuring instrument.  The 
errors themselves are rather  rare. 

6.2. Systematic errors. Systematic errors arise mainly from two causes. The first is the conversion from 
equatorial to ecliptic coordinates carried out by the ancient astronomers. This conversion had to be made, 
since the measuring instruments  were at tached to a terrestrial coordinate system. The conversion to the 
ecliptic system was carried out either using trigonometric formulas or by instruments using large celestial 

3251 



globes, astrolabes, and the like. To make such a conversion the compiler of the catalog had to know the 
position of the equinoctial axis OC for the year t by which he was dating his catalog. In general he knew 
this position imprecisely, with an error r l .  Furthermore, the compiler might make an error in determining 
the longitude of the stars. Let us denote this error by 72. Since these two errors add (cf. Sec. 2), it suffices 
to consider just the total error in longitude, denoting it by r = rl + 72. 

The next possible error consists of moving the point C from the equator with respect to latitude. This 
error is denoted/3 in Fig. 1 and in the text below. 

By introducing the quantities T and/3  we have given a complete description of all possible deviations 
of the point C on the sphere: any error is a combination of these two. 

The third error is in the determination of the angle e between the equator and the ecliptic (cf. Fig. 1). 
We shall denote it by 7. In other words, 7 is the error in the determination of the pole of the ecliptic on 
the sphere. 

The fl and 7, whose values were chosen in the process of computing by sampling (both with replacement 
and without),  were introduced with the intention of taking account of the types of errors just enumerated. 

It is easy to see that  any rotat ion of the sphere can be resolved into three orthogonal rotations, deter- 
mined by the parameters %/3, and 2. Therefore one can formally include systematic errors of measurement 
in them also if any such errors exist. 

The possibility that  systematic errors might be present has been discussed by many investigators [1, 
3, 9], and we mention here the probable causes of such errors. 

The error r might be caused by an observer or later reader of the catalog "updat ing the catalog" to a 
date that  is different from that of the actual observation. Such an updat ing  sometimes served purposes that  
were probably methodological (for example an a t tempt  to update  the catalog to some round calendar year), 
sometimes served to mask the actual date for the observation and the referral of the catalog to a different 
epoch [3], and sometimes was a consequence of changing the reference point from which longitudes were 
computed: the ancient astronomers could generally compute longitudes from various points on the ecliptic. 
Such a change in reference point naturally led to the addition of some constant to all ecliptic longitudes. 

What can be said about the nature  of the errors fl and 7? Since the equatorial latitudes of stars are 
determined by direct observations quite simply and precisely [4], one should expect that  for an accurate 
observer the error fl should be practically zero at the time of his observation. In other words, it is most 
likely tha t /3  ~ 0. The error 7 is fundamentally different. A determination of the position of the ecliptic is 
the result of complicated computat ions or non-trivial measurements.  Consequently the order of error of 3' 
must be significantly larger than the order of the error in/3. In [1] and [9] there are hints that  there is a 
systematic error in 7 in the Almagest. Moreover a number of authors estimate its size at 20 s. As we shall 
see, our computat ions confirm this fact. 

6.3. Random errors and spurious data. Consider a star with Bailey number i from the table T 
mentioned above. Let li and bi be ecliptic coordinates of the star with this number in the Alraagest , and 
Li(t, r, ~, 7) and Bi(t, r, fl, 3') its longitude and latitude obtained as follows from the equatorial coordinates 
ai and 61 for star i in a m o d e m  star catalog: we find the value of the right-ascension ai(t) and declination 
6i(t) at t ime t and convert these to ecliptic coordinates Li(t), Bi(t). We then "rotate" the ecliptic through 
the angles of the systematic errors/3 and 7 and change the longitude by the amount  T, regarding these 
as known, cf. Sec. 6.4. We then obtain the values of the coordinates of the i th  star in the "perturbed" 
ecliptic system, i.e., in the system in which the coordinates of the stars are writ ten in the Alraagest: 
Li(t, r, t3, 7) = Li(t, fl, 3') + T; Bi(t, t3, 7). It is clear that  the lati tude is independent  of the error r.  This is 
one of the reasons for the greater reliability of the lati tude coordinates. It is precisely for that  reason that 
we shall work primarily with them below, using information on the longitudes only as an aid. 

We introduce the following deviations with respect to lati tude and longitude: 

Ab(i , t , /3,7)  = Bi(t, fl,7) - bi, Az( i , t , r ,~,7)  = Z i ( t , ' r ,  f l , ~ [ )  - -  [i. 

K no unforeseen errors are added to the measurements of the star with index i (refraction, scribal 
errors, and the like), then these deviations must lie within the interval of precision characteristic for the 
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given catalog. As already noted, the precision of a catalog may be unknown or exaggerated. The author 
of a catalog could have taken as his limit of precision the "record" precision he achieved in measuring the 
coordinates of the most prominent stars. For that reason, in order to filter out the stars whose coordinates 
contain "spurious data," one must use the following method, in which the quantities fl and 7 are regarded 
as known:  

I) estimate the actual precision of the catalog, using the mean-square deviation 

o =  

| 

where N is the number of stars in the table T; since the majority of stars have a small velocity of proper 
motion, the quantity a is practically independent of t: it is perfectly possible to take the quantity a so 

a 
obtained (or even 3 )  as the "record" precision A of the catalog. The "actual" precision of the catalog is 

2a-3a; we note that about 40% of the stars fall in the interval of "record" precision; 

2) the stars whose coordinates do not fall within the given "record" precision, are excluded from further 
consideration--they include stars measured with errors that are too large, or "spurious" stars. 

We make the following remark. In determining the quantity cr the "spurious" stars exert very little 
influence because there are so few of them. However, in our work we excluded a priori from the table T those 
stars about whose coordinates any kind of doubt was expressed in [1]. At this stage one can eliminate from 
consideration the stars for which refraction plays a large role in the determination of the coordinates--cf. 
the star Canopus in Table 1. The determination of the "record" precision makes it possible to continue the 
work with coordinates that were measured with extreme care. In particular, it is natural  that the majority 
of stars of the informational kernel must be such stars. If the parameter t played only a minor role in the 
estimate of a, then in excluding stars from the table T one must approach them individually and exclude 
those for which rain [ A b ( i , t , • , 7 ) i  > A. Thus if we take A = 10', fl = 7 = 0, then one must exclude the 
stars with indices 509, 553, 452, 848, 469, 222, and 892 from the list of stars in Table 1. 

6.4. Estimating the systematic errors. The quantities fl and 7 that determine the possible error in the 
position of the ecliptic can be estimated from the data of ancient and modern catalogs by various methods. 
We shall discuss here a statistical method based on the law of large numbers, which does not exclude the 
possibility of using other methods. 

Consider a certain collection of stars X from the table T. We denote by n the number of stars in this 
collection and suppose that X consists mostly of fixed stars. Let t* be the true date of the catalog (unknown 
to us) and w the angular velocity of revolution of the equinoctial axis, i.e., the velocity of precession, and let 
fl and 7 be the true values of the errors committed by the compiler of the catalog at time t*. Since the angles 
fl and 7 determine the position of the north pole of the ecliptic in the year t* and since the true position of 
the equinoctial axis in year t is unknown to us, it follows that,  if we wish to date the catalog by the year t, 
starting only from the correctness of the position of the north pole, we would have to ascribe to the compiler 
of the catalog the errors 7(t) ~ 7cosw(t  - t*) - f lsinw(t - t*), fl(t) = flcos(w(t - t*) + 7s inw(t  - t*). 
On the a priori time interval for the AImagest we have Iw(t - t*)l < 30 ~ but in reality one should assume 
Iw(t - t*)[ < 15 ~ For the catalogs of Tycho Brahe and others this quantity is of lower order. This results 
in the possibility of determining the quantities fl and 7, within the limits of precision required for our 
computations (for the Almagest this is 5'), by averaging the values given above over t. By the definition of a 
systematic error (the absence of translation) the desired quantities fl(t) and 7(t) must satisfy the condition 

~ x  = l ~ Ab(i,t, fl(t),7(t) ) ~ O. (1) 
n 

i 

6r 
If the number n is sufficiently large, relation (1) can be understood in the sense that I/~xI < ~ .  However 

relation (1) is insufficient to determine fl and 7. We consider also the quantity 

= - - ( 2 )  

i 
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The behavior of the quantities 2xx and a x  is determined to a large degree by the choice of the set X. 

A. Suppose the stars in the collection X are rather uniformly distributed over longitudes, for example, 
the zodiacal stars. Then it is easy to see that the quantity 2Xx will depend weakly on/3 and 3'. In fact, if 
the latitude of a star with longitude l varies by the amount r then the latitude of a star with longitude 
(l + 180 ~ (rood360 ~ varies by the amount -~.  Here the unknown quantities/3 and 3' are found from the 
relation 

(/3, 3') = argmin ax .  (3) 

B. If the set X is distributed rather compactly on the celestial sphere, for example the stars of one 
sign of the Zodiac, then the quantity a x  will depend weakly on/3 and 7, since a rotation of the ecliptic will 
cause nearly the same change in latitudes and longitudes for all the stars of X.  In this case one must take 

(/3, 3') = argmin Ihxl .  (4) 

C. If the set of stars X is distributed rather compactly near the longitudinM values 0 ~ or 180 ~ then 
the quantity /~x will depend weakly on 3' and in contrast strongly on/3. If this set is located near the 
longitudinal values 90 ~ or 270 ~ then the quantity 2Xz is sensitive to a change in 3' and insensitive to a 
change in/3. 

The relations (3) and (4) and the peculiarities of behavior of ~ z  and a x  just enumerated make it 
possible to determine/3 and 3' many times with different choices of the set X,  thus increasing the reliability 
of estimates of them. 

In the process of  calculating /3 and 3' in relations (3) and (4) on the computer, the sizes of these 
quantities were determined by sampling. When this was done, it was found that /3 = 0 within the limits of 
computational precision. For an addition justification of this fact see Sec. 7. 

The total error in  longitude v can be estimated after/3 and 3' have been found. To do this one must 
take as ~- the estimate 

= ! (5) 
n 

i 

which gives the value of the possible systematic error in 7 for each t. In contrast to/3 and 3', the quantity 
~(t) depends "strongly" on t (see the discussion of precession in Sec. 2). Therefore the estimate of ~(t) is 
not very informative, and its size shows only the extent to which the time t differs from the time t** at 
which ~(t** = 0. For the A l m a g e s t ,  for example, t** = 18.4--the date to which the longitudes were adapted 
by changing them by some constant [1]. Nevertheless the following function can give some information: 

~(t) = max(Ii - L i (  t ,  /3, 3')) - m/in(Ii - L i (  t , /3,  3" )). (6) 

This function characterizes the spread of the longitudes of the stars of the ancient catalog about hypothet- 
ically "true" values under the assumption that the date of compilation of the catalog is determined by the 
time t. 

6.5. Dating a catalog.  After the systematic errors/3 and 3' are estimated, it is necessary to date the 
catalog using the coordinates of the more precisely measured stars (see Sec. 6.3). We denote this set of 
stars by E. 

Since the majority of stars are "nearly fixed," basing the algorithm for dating only on the proper 
motions of stars leads to the study of only two stars (Arcturus and Procyon). Computations show that in 
none of the catalogs under consideration are they badly measured by the criteria of Sec. 6.3 (in contrast to 
another rapidly-moving star--Sirius). Therefore one of the methods of dating is to exhibit the interval T1 
determined by the relation 

T1 = {t: max(lAb(110,t,/3,3')l, 1/Xb(848,~,/3,3')1) _ A}, 

where A is the precision of the catalog (cf. Sec. 6.3). 

(7) 
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Fig. 2 

Another  me thod  of dating relies essentially on the fact that  the ecliptic oscillates and is applicable to 
fixed stars. 

We denote by N(t) the number  of stars in the set E for which the inequality [Ab(i, t,/3, V)[ --< A holds, 
i.e., 

g ( t )  = #{i; ___/% (S) 

and let N = max N(t) ,  where the maximum is taken over the a priori t ime interval (cf. Sec. 2). As the set 
of times dating the catalog we take 

T2 = {t :  N(t) = N}. (9) 

If the set T1 is an interval, then the set T2 can theoretically be the union of some number  of disjoint 
intervals ("solutions"). 

The following considerations can give additional information on the true date t* of compilation of the 
catalog. For each t consider the set of values {]Ab(i,t, fl,7)I}ieE. From this set one can construct the 
distribution function for the errors 

= [#{ i :  _< x } ] / [ # { E } ] ,  (10) 

and also the empirical mean and variance respectively 

iEE 

iEE 

(11) 

(12) 

It is natural  to assume that  the functions ~XE(t) and aE(t) will at tain their min imum values near the time 
t*, and that  F(t*)(x) > F(t)(x), 0 < x < 2A, for all t. 

Thus having several criteria for the time of dating, one can confidently date the catalog. The results 
of applying this method  to the dating of actual and artificially compiled catalogs are given below. 

7. The compatibi l i ty  of star posit ions in ancient and modern c a t a l o g s  

The methodology discussed in Sec. 6 is based on a number  of ideas as to the errors commit ted  by the 
compiler of the ancient catalog, and its result is a definite t ime interval containing the date of observations 
of the stars in the catalog. It is natural  to expect that  under  different sets of parameters  fl, 7 and t the 
mutual  location of stars from the ancient and modern catalogs would be worse, but this by no means follows 
from the methodology of Sec. 6. For that  reason we also verified the "converse" assertion, which is also 
true. 
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Consider the set of stars D from the informational kernel, "purged" of the spurious data  that  manifested 
themselves under  all possible values of/3 and 3'- Let 

Ab(D,t,/3, 7) = max IzXb(i,t,/3, 7)I- 
lED 

(la) 

Consider the three-dimensional group of orthogonal proper rotations of three-dimensional space, usually 
denoted SOa. Let g(t,/3, 7) be the parametric family of transformations from this group that  convert ecliptic 
coordinates at the time t = 0 to ecliptic coordinates at t ime t while taking account of the rotat ion of the 
ecliptic in the year t by the angles fl and 3'. Geometrically this set of transformations can be represented 
as a three-dimensional "tube" M in the orthogonal group SOa (Fig. 2). The t-coordinate varies along 
the axis of the tube and a representative point on this axis describes a circle whose perimeter corresponds 
to the variation of the parameter  t from 0 to 260 (i.e., over the period of precession). The other two 
parameters/3 and 3' can be regarded as coordinates in the normal plane that  cuts the tube at the time t. 
The perturbations/3 and 7 can be considered comparatively small, so that  the tube  in Fig. 2 is drawn with 
a rather narrow normal section. We use the notat ion 

Ab( D, t  ) = n~in ]Ab( D, t, ~, 3')1, 

Ab(D) = minAb(D,  t). 
t 

(14) 

(15) 

Taking account of the interpretat ion given above, we may assume that  the min imum in relations (14) and 
(15) is taken over all transformations g(t,/3, 3') of the t-section of the tube M and all g E M respectively. We 
further assume that  the min imum of the function Ab(D, t) is at tained strictly inside the tube M. Since all 
the computat ions are carried out approximately, tile min imum is at tained not at a single point (to,/30,7o) 
but on some curve lying inside the tube M. We assume that  this curve (in Fig. 2 it is drawn as the boldface 
arc with endpoints R and Q) not only lies entirely inside the tube M,  but  that  the parameters/3 and 7 are 
practically constant along it, i.e, the curve is parallel to the axis of the tube. Then  we may assume that 
this curve determines /3o , %, and a t ime interval T t from t 1 t o  t 2 on the t-axis uniquely (Fig. 2). If the 
values of/30 and 7o happen to coincide with those found by the method  of See. 6, we obtain an additional 
confirmation of the correctness of our determination of the systematic errors ~ and 7 and also the interval 
T' of possible dates for the catalog. Moreover we prove that  the ecliptic coordinates of the stars were indeed 
measured by the observer by the method  described above (i.e., the equatorial coordinates were measured 
first and then converted to ecliptic coordinates by a "rotation" about the equinoctial axis). In fact, since 
we were able to interpret the region of definition of the discrepancies as a tube in the orthogonal group, 
and since the min imum discrepancy of lat i tude is at tained (by hypothesis) on a whole arc parallel to the 
axis of the tube,  consequently, relying on known facts about the structure of the orthogonal group, we can 
resolve the transformations g(t,/~, 7) uniquely into a composition of elementary rotations coinciding with 
the rotations of the celestial sphere described above in a neighborhood of the boldface arc. It is important  
to note that  the a priori minimum of discrepancy can be at tained on an arbitrary arc inside M. 

Thus we have justified the following proposition. 

P r o p o s i t i o n .  Assume that as a result of  the numerical analysis of  a specitTc star catalog, as described 
above, the following facts are discovered: 

- - the  values ~o and 7o found coincide with those determined by the method of Sec. 6; 

- - t h e  rain/mum discrepancy in latitude is attained strictly inside the tube M on a curve paraJ1el to 
the axis of the tube; 

-- this  minimum does not exceed the smallest division A of the scMe of the catMog, i.e., the precision 
c/aimed by the observer for his measurements. We then 

1) confirm the assertion of the author  of the cata/og about the precision of his measurements, since we 
indeed discover a list of bright named stars measured with the claimed precision and fo rm/a t  the major 
part of a complete list of named stars; 
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Fig.  3. Individual discrepancies in latitude for Tycho Brahe (with 7 = 0). 
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Fig.  4. The cumulative histogram for Tycho Brahe. Optimal t* --- 3.5. 

2) we determine an interval of  time within which the measurements were carried ou~ and outside of 
which (assuming the claimed and confirmed precisions are fixed) the catalog could not have been compiled; 

3) we prove that the mechanism/or  measuring ecliptic coordinates coincides with the one described 
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Fig.  5 Individual discrepancies in latitudes for Hevelius. 

above, i.e., we "restore" the method of measuring the stars; 

4) we calculate the actual errors flo and 70 made by the observer; 

5) we differentiate the catalog and its informational kernel with respect to the precision of measurement, 
i.e., we exhibit the we11-measured and badly-measured stars. 

R e m a r k .  A catalog can be dated in this way, even in the case when there are no stars in its informa- 
tional kernel with observable proper motion (since the oscillations of the ecliptic, which vary the latitudes 
of the stars, are taken into account). 

8. T h e  d a t i n g  of  Tycho  Brahe ' s  c a t a l o g  

We used the edition [8] of Tycho Brahe's catalog that was current at the end of the 16th century. The 
catalog in [8] is based on an epochal year 1600. The informational kernel of the catalog was taken to be 
14 bright named stars: Arcturus (110), Spica (510), Lyra-Vega (149), Altair (288), Antares (553), Castor 
(424), Sirius (818), Pollux (425), Procyon (848), Denebola (488), Capella (222), Caph (189) Regulus (469), 
and Skat (317). These are not all the named stars in the catMog, but the majority of them coincide with 
the Almagest and it is interesting to compare their results with Tycho Brahe's catalog. 

The individual discrepancies in latitude for these stars under the optimal values of the parameters 
fl = 0, 7 = 0 (determined by us--cf. Sec. 6.4) are presented in Fig. 3. It is clear that the precision claimed 
by Tycho Brahe of 1 ~ is greatly exaggerated, even for the prominent named stars. The actual precision 
in latitude for the given sample is 3q Taking A = 3 ~, we obtain formally two solutions on the a priori 
interval 0 < t < 6:T2 = [4,5] (from 1400 to 1500) and T2 = [24,3] (from 1500 to 1620). The first solution 
is obtained by rejecting Arcturus, the second by rejecting Antares. The second solution is preferable to 
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the first, since the minimum average discrepancy •E(t) and sample variance a2E(t) are attained on it; in 
addition, a smaller value of Ab(D) corresponds to this sample than to the first (cf. [11], [12], [15]). The 
traditional dating of approximately 1580 lies in this interval. We note that by taking 3 _< t < 4 (the 
sixteenth century) as an a priori interval we obtain a unique solution for A = 1' (the precision claimed by 
Tycho Brahe): the year 1580 + 10 (cf. Fig. 3). The optimal value t* obtained by comparing the distribution 
functions of the errors (10) is t* = 3.5 (about 1550, cf. Fig. 4). 

9. T h e  catalog of Heve l iu s  

We borrowed the catalog of Hevelius from [8]. The traditional date of this catalog is the second half of 
the 17th century. As the informational kernel we took basically the same stars as for the catalog of Tycho 
Brahe (cf. Fig. 5): Arcturus (110), Spica (510), Vega (149), Aselli (452), Antares (553), Castor (424), Sirius 
(818), Pollux (425), Procyon (848), Capella (222), Regulus (469), Previndemiatrix-Vindemiatrix (509) (12 
stars altogether). The optimal values of the parameters 7 and/3 turned out to be: 7 = 0, /3 = 0. The 
individual discrepancies in latitude for these values on the interval 1 _< t _< 4 are presented in Fig. 5. 
It is abundantly clear that the actual precision of the latitudes in the catalog is about 2 t (with a scale 
divided into intervals of size l 'q). The interval T2 (cf. Sec. 6.5) becomes stable under small variations A 
for A > 2.2 t. Thus for A = 2.5 r it is the interval 2.5 < t < 3.0 (1540-1650), and for A = 3 ~ it is the interval 
2.35 < t < 3.85 (1515-1665). The optimal value of the date when comparing the distribution functions of 
the errors (cf. (10)) is t* = 3 + 0.5. Evidently Hevelius, together with his own observations, used some data 
from already existing catalogs (Tycho Brahe's?). 

10. Artificial catalogs 

We compiled several artificial catalogs by computing the modern coordinates of stars for epochs tl, t2,... 
(taking account of proper motions) and modeling the systematic (% 7-) and random errors of a catalog 
(in doing so we assumed /3 = 0). In modeling the random errors we sometimes used a sample from 
a homogeneous, normally distributed collection (Catalog No. 1) and sometimes divided the stars into 
"precisely-measured" and "spurious" (Catalogs Nos. 2 and 3). In all the cases studied the solution obtained 
(the interval T2, cf. Sec. 6.5) covered the true date. When this was done, a non-unique solution was 
obtained in the first case (Catalog No. 7). In modeling by the second method (Catalogs Nos. 2 and 
3) we obtained unique solutions. Moreover the method of discovering the true value of the date of the 
observations by comparing the distribution functions for the errors (cf. (10)) was confirmed, as was the 
method of determining the values of the parameters 7 and r (cf. Sac. 6.4). 

11. The dating of the AImagest 

The informational kernel of the AlmageBt consists of 12 stars (see the preliminary analysis of the catalog 
in Sec. 5). We denote it by Z. Application of the method of Sac. 6.4 made it possible to determine the 
optimal values of the parameters 7 a n d / 3 : 7  = 20~, fl = 0. As was noted above, the values obtained for 7 
and fl are in agreement with the existing studies of the Almagest (cf. [1] and [9]). To compare these values 
with the values 7 = fl = 0, we present a table similar to Table 1, but computed for 7 = 20r,/3 = 0. 

We took A to be t0~--the claimed precision of tile Almagest. It is evident from Table 2 that for 6 < t < 12 
the quantity [Bi(t)-bi[ is at most 10' for 8 of the 12 stars. Moreover, for the other four stars the discrepancy 
in latitude ]B(t) - b I never gets as low as 10' on the entire a priori interval (i.e., for these stars the inequality 

min [B(t) - b I > 10' holds). Two of these four stars are demonstrably "spurious": one of them (Casaopus) 
0<t<25 
is too far south and its coordinates are significantly affected by refraction. The other (Previndemiatrix) 
has coordinates that are off by several degrees in all lists and editions of the Almagest, and the coordinates 
of it given in [1] are practically unsupported by any original sources (cf. [1], p. 104). 
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818 

288 
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452 
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469 
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149 

222 

892 

29.9 

44.2 

27.0 

15.6 

13.3 

13.2 

8.1 

6.1 

5.1 

5.1 

1.3 

71.5 

15.5 

39.2 

28.7 

14.9 

11.0 

10.2 

4.0 

3.5 

4.9 

6.7 

1.5 

75.0 

10 

2.3 

32.7 

30.7 

13.8 

8.5 

6.5 

1.2 

0.4 

4.4 

8.5 

2.1 

79.2 

15 

20.0 

25.9 

32.5 

12.6 

6.2 

2.9 

6.7 

2.7 

3.7 

10.0 

2.9 

83.1 

18 

30.5 

21.8 

33.5 

11.8 

4.9 

0.9 

10.1 

5.1 

3.3 

10.8 

3.5 

85.4 

Table 2 
21 

41.0 

17.5 

34.4 

II.0 

3.7 

I.I 

13.5 

6.2 

2.7 

11.5 

4.2 

87.6 

Fig. 6 gives the graphs of the individual discrepancies of the stars in list Z. The dashed lines indicate 
the discrepancies of stars that do not fall within the 10' level anywhere on the a priori interval 0 < t < 
25 (Canopus is not shown, since its discrepancy generally falls outside the limits of the figure). The 
discrepancies are computed for 7 = 20', /3 = 0. It is curious to note that the latitudinal discrepancy for 
Arcturus (the brightest star in the southern hemisphere) vanishes for t = 8.5 (the year 1050 C.E.); for 
Regulus (one of the most important stars in ancient astronomy; Ptolemy measured its coordinates several 
times by different methods, cf. [3]) it vanishes for t = 10.5 (the year 850 C. E.); and for Procyon it vanishes 
for t = 9.5 (the year 950 C.E.).  This is the only accumulation of zero discrepancies (cf. Fig. 6). 

The comparison of the distribution functions is shown in Fig. 7. 

Fig. 8 gives the graph of Ab(D, t) (cf. See. 7), where D is the kernel Z with the 4 spurious stars 
removed: Canopus, Previndemiatrix, Altair, and Sirius. It is readily apparent that the "flat shelf of the 
minimum" of this graph drops below the 10' level in the interval from t = 12 to t = 6. Outside the limits of 
this interval the graph begins to increase rapidly. Fig. 8 also shows the graphs of the values 7(t) and fl(t) 
at which the minimum discrepancy is attained (el. (14)). 

Thus we have obtained a result that amounts to the following: 1) It turns out that the 10' precision 
claimed by the author of the Almage3r was indeed attained by him for the majority of named stars. We 
have found a list of 8 stars whose latitudes were measured in the Alraage,t with 10' precision: Arcturus, 
Regulus, Spica, Procyon, Capella, Lyra (Vega), Antares, and Aselli. 2) When the claimed 10' precision of 
the catalog for the latitudes of the named stars is fixed, the catalog could not have been compiled outside 
the time interval t = 12 to t = 6, i.e., from 700 C.E. to 1300 C.E. In particular the catalog could not 
have been compiled in the 2nd century C.E. or in the 2nd century B. C.E. 3) Since conditions a) and 
b) of Sec. 7 happen to hold for the Alraagest, the mechanism of measuring the coordinates of the stars 
in the Alraagest coincides with that described above (equatorial coordinates were first measured and then 
converted to ecliptic coordinates). 4) The author of the Almageat made practically no error in locating 
the equator, since the optimal value of/3 turned out to be zero. 5) The author of the Almagest erred by 
20' in determining the position of the pole of the ecliptic, i.e., 7 = 20' (cf. Sec. 6.2). 6) The informational 
kernel of the Almagest, consisting of named stars (there are 12 of them), contains 8 well measured stars 
and 4 spurious ones: Canopus, Previndemiatrix (r Vir), Altair (a  Aql), and Sirius. Here the error in the 
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Fig .  6. Individual  discrepancies in lat i tudes for the Almagest (for/~ = 0, 7 = 21) wi th  respect to 
12 bright named  stars (Canopus-892 is not shown, since there are large errors in its measurement) .  
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Fig. 7. The cumulative histograms for the Almage~t with respect to 12 bright named stars for 
t = 1, 5, 10, 15, 20. The  solid lines are 7 = 21; the dashed lines are 7 = 0. 

lat i tude of Canopus  (and evidently of  Sirius) is caused by refraction, the la t i tude of the star ~ Vir evidently 
contains a copying error, and Altair lies far from the other  11 stars of the kernel Z in a par t  of the sky 
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Fig. 8. The graph of the latitude discrepancy for 8 stars of the Almagest with variable fl and 7. 

that the author of the Almagest apparently observed very badly (along with Altair he shows the star a 
PisAust twice under the numbers 670 and 1011 with latitudes that differ by more than 2 ~ cf. [1], p. 113). 
Increasing the level of A to 151 does not contradict the date obtained (for A = 10'). When this is done, 
the interval enlarges only slightly (cf. Fig. 6). Moreover the minimum discrepancy in latitude still remains 
in the interval 700-1300 C.E. 
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